2.5 Solution by Substitution

Idea: transform an equation into another by substituting u, a function of x for y

y = g(x,u)

dy/dx = dg/dx dx/dx + dg/du du/dx = gx + gudu/dx

Replace y by g and dy/dx by gx + gudu/dx
Homogeneous equations: f(ty, tx) = taf(x,y)

Each term has the same sum of powers of x and y in each term

f(x, y) = x2 + y2   - 4xy is homogeneous of degree 2.

Mdx + Ndy = 0 is homogeneous if M and N are homogeneous of the same degree

Substitute y = ux 

                  dy = udx + xdu

Example:  

(x –y) dy                   + (x + y) dx   = 0

(x –ux) (udx + xdu) + (x + ux) dx = 0

(x –ux)udx +(x –ux) xdu + (x + ux) dx = 0

(1 –u)udx +(1 –u) xdu + (1+ u) dx = 0

 (1-u)xdu + (u-u2+ 1+u) dx = 0

  xdu+ (1+2u -u2) dx = 0

   (1-u) du    + dx   = 0

(1+2u -u2)         x

ln(1+2u -u2)/2    + ln(x) = c

ln((1+2u -u2)1/2x) = c

(1+2u -u2)1/2x = c

(1+2y/x –y/x2)1/2x = c

(1+2y/x –y/x2)x2 = c

(1+2yx –y) = c

Bernoulli’s equation

y’ + P(x)y = f(x)yn

The substitution u = y 1-n reduces it to linear

Example:

y’ - 5y =  (5/2)x y3
n = 4, u = y1-3 = y -2
y = u -1/2
dy/dx =  dy/du  du/dx 

            = -1/2 u -3/2  du/dx

-1/2 u -3/2  du/dx -5(u -1/2)  = (5/2)x u -3/2
u’ + 10u = 5x

Integratubg factor:  e 10x
(u e 10x)’ = 5x e 10x
u e 10x= e 10x (10x -1)/20 + c

u = (10x -1)/20 + c e-10x
y -2= (10x -1)/20 + c e-10x
…
