4.8 Solving Systems of Linear DEs by elimination
Method (systematic elimination):
1. Bring all terms involving dependent variables to left side
2. Express in operator notation
3. Operate on equations so as to be able to eliminate one of the variables
4. Solve. This will give two constants
5. Do same to eliminate other variable. This will also give two constants
6. Resolve constants so that there are only two
7. Find particular solutions if the equations are not homogeneous
Example
x’ = 4y
y’= 9x
1. x’ - 4y = 0
      y’ – 9x=0
2. Dx -4y = 0
      Dy -9x = 0
3. Operate on first equation with D, multiply second by 4
D2x -D4y = 0
      D4y -36x = 0
     Add to get
D2x  -36x = 0
4. Auxilliary equation is m2  - 36, m = +- 6
x = c1e6t + c2 e-6t
5.  Do same for second variable
D 9x - 36y = 0
       D2y –D 9x=0
      D2y – 36 y = 0
y = c3e6t + c4 e-6t
6.  Resolve the constants
x’ - 4y = 0  =>
6c1e6t -6 c2 e-6t - 4(c3e6t + c4 e-6t) = 0  
(6c1- 4 c3)e6t + (-6 c2 - 4 c4 )e-6t = 0 
Since this is true for all t,  
(6c1  - 4 c3) = 0
(6c2 + 4c4) = 0 
c3=   3/2 c1
c4 = -3/2 c2
y = (3/2)c1e6t - (3/2)c2 e-6t
Check:
x’ = 4y  => 6c1e6t - 6 c2 e-6t = 4((3/2)c1e6t - (3/2)c2 e-6t)
y’= 9x  => (18/2) c1e6t + (18/2) c2 e-6t  = 9(c1e6t + c2 e-6t) 

What if it were non homogeneoous?
x’ = 4y + t
y’= 9x – t
First get an equation involving just x
Dx -4y = t
Dy -9x = -t
D2x -4Dy = Dt
4D y -36x = 4t
D2x  -36x = Dt + 4t = 1+ 4t
Let xp = At + B
-36(At + B) = 1+ 4t
A = -1/9, B = 1/36
xp =-1/9t + 1/36
x = c1e6t + c2 e-6t-1/9t + 1/36

Do the same for y
Dx -4y = t
Dy -9x = -t
D 9x - 36y = 9t
D2y –D 9x=Dt = 1
D2y – 36 y = 9t+1
Let yp = At + B
– 36(At + B)= 9t + 1
A = -1/4, B = -1/36
yp =-1/4t -1/36
y = (3/2)c1e6t - (3/2)c2 e-6t-1/4t -1/36


Recall Mixtures
Draw figure 3.3.1
Tank A:  100 gallons with 50 lb salt disolved
Tank B:   200 gallons pure water 
Water enters A at the rate 7 gallons a minute, flows to B and then out of B

x1(t) = salt in A at t
x2(t) = salt in B at t
x1(0) = 50 
x2(0) = 0
xi’ = (entering salt) – (leaving salt)
x1’ = - 7/100 x1
x2’ =   7/100 x1    - 7/200 x 2

Approach to solve:
x1= c1e- 7/100t
Plug in second equation
x2’ + 7/200 x 2 =   (7/100 )c1e- 7/100t 
IF e 7/200t
(x2 e 7/200t)’ =   (7/100 )c1e- 7/100t e 7/200t =   (7/100 )c1e- 7/200t
x2 e 7/200t =   -2 c1e- 7/200t    + c2
x2 =   -2 c1e- 7/100t    + c2 e-7/200t

Alternate: use differential operators.
Dx1 +  7/100 x1= 0
Dx2 -   7/100 x1    +7/200 x 2= 0
Or
(D+7/100 )x1 = 0
(D+7/200 )x2  -   7/100 x1    = 0

Solving for x1:  x1= c1e- 7/100t
Solving for x2:  
(7/100 )(D+ 7/100) x1                                                = 0
(D+ 7/100) (D+7/200)  x 2 - 7/100 )(D+7/100) x1    =0
(D+ 7/100) (D+7/200)  x 2= 0
Roots are -7/100 and -7/200
x 2= c3e -7/100 t+ c4 e-7/200t

Resolve using
x2’ =   7/100 x1    - 7/200 x 2
-7/100c3e -7/100 t- 7/200 c4 e-7/200t=   7/100 c1e- 7/100t - 7/200(c3e -7/100 t+ c4 e-7/200t)
-7/100c3e -7/100 =   7/100 c1e- 7/100t - 7/200c3e -7/100 t

-2 c3- 2c1  + c3= 0 
c3= -2c1  
c4=   c4
x1= c1e- 7/100t
x 2= -2c1e -7/100 t+ c4 e-7/200t
Check:
x2’ =   7/100 x1    - 7/200 x 2
(-2c1e -7/100 t+ c4 e-7/200t)’ = 7/100 c1e- 7/100t    - 7/200 (-2c1e -7/100 t+ c4 e-7/200t)?
(14/100)c1e -7/100 t-(7/200) c4 e-7/200t= 7/100 c1e- 7/100t    + 7/200 (2c1e -7/100 t- c4 e-7/200t)
Yes!

Example 1:
x’ + y’ + 2y = 0
x’ – 3x – 2y = 0
Dx + (D+2)y =0   //operator (D -3)
(D-3)x -2y = 0     //operator D

Example 2
x’ -4x + y” = t2
x’ + x + y’ = 0
(D-4)x + D2y = t2   //operator (D+1)
(D+1)x + Dy=0     //operator (D–4)
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