6.2 Solutions about singular points 

x = x0 is an ordinary point of y”+ P(x)y’ + Q(x) = 0 if P, Q are analytic at x0
Singular points: no solution at x0 but we may be interested in solutions near it.

Example: (x -1)y” + 3y’+ 5y = 0.    1 is a singular point

x0 is a regular singular point of y”+ P(x)y’ + Q(x) = 0 if

(x - x0)P(x) and (x - x0)2Q(x) are analytic

 Example: 

(x -1)y” + 3y’+ 5y = 0 becomes

y” + 3/(x -1)y’+ 5/(x -1)y = 0   (x = 1 is a regular sngular point)

Example: 

(x -1)2y” + 3y’+ 5y = 0 becomes

y” + 3/(x -1) 2y’+ 5/(x -1) 2y = 0 and   (x - 1)P(x) is not analytic at 1, x = 1 is an irregular singular point.
Example: 

(x -1)2y” + 3(x -1)y’+ 5y = 0 becomes

y” + 3/(x -1) y’+ 5/(x -1) 2y = 0     (regular singular point at x0= 1)

Rephrasing: If (x - x0) appears at most to the first power in the denominator of P and  at most to the second power in the denominator of Q, then x = x0 is a regular singular point.

Frobenius’ Theorem: If x = x0 is a regular singular point of y”+ P(x)y’ + Q(x) = 0, there exists at least one solution of the form 

    y =  (x - x0)r [image: image2.png]X5 c



n(x- x0)n=  (x - x0)r [image: image4.png]X5 c



n(x- x0)n+r
where r is a constant to be determined. The series will converge at least on some interval  0<x - x0<R
Example 4 (p.237)

xy” + y = 0

There is a regular singular point at 0

Let  y = [image: image6.png]X5 c



nxn+r
        y’ = [image: image8.png]


nxn+r-1
       y” = [image: image10.png](n+r)(n+tr—1)c



nxn+r-2
Substituting in the DE:

x [image: image12.png](n+r)(n+tr—1)c



nxn+r-2 +   [image: image14.png]X5 c



nxn+r=0
 [image: image16.png](n+r)(n+tr—1)c



nxn+r-1 +   [image: image18.png]X5 c



nxn+r=0

xr([image: image20.png](n+r)(n+tr—1)c



nxn-1 +   [image: image22.png]X5 c



nxn)=0
Let k = n-1 in the first summation to have everything in terms of xk:

xr([image: image24.png]


k+1xk +   [image: image26.png]X5 c



kxk)=0   



Take -1th term of first one and add rest:

r(r-1) c0 +[image: image28.png]25 (k+1+7)(k+71)c



k+1  + ck) xk
r(r-1) c0= 0

From the first term:

r(r-1) = 0     
                //indicial equation, solutions r = 0 and r = 1
From the summation:

(k+1 + r)(k+r) ck+1 + ck= 0

ck+1 = -ck/( k+1 + r)(k+r)   //recurance relation
r=0

y = x(c0 + c1x + c2x2...

ck+1 = -ck/( k+1)(k)


c2 = -c1/( 2)(1)

c3 = -c2/( 3)(2) = c1/3*2*2*1

c4 = -c3/( 4)(3) = c1/4*3*3*2*2*1

y = c1 (x – x2/2 + x3/12 ...
r=1:

y = x(c0 + c1x + c2x2...

ck+1 = -ck/( k+2)(k+1)

c1 = -c0/( 2)(1)


c2 = -c1/( 3*2)=- c0/( 3*2*2*1)
y = x(c0 + c0x/2 + c0x2/12   ..   SAME!

Whoops, we didn’t get two linearly independent solutions. 

No guarantee. A second solution can be found by an even messier procedure.
Cases:
Distinct roots where r1 –r2 is not integer: two linearly independent solutions
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nxn+r1  and   [image: image32.png]X5 b



nxn+r2
Distinct roots where r1 –r2 is integer:

y1(x) = [image: image34.png]X5 c



nxn+r1  and y2(x) =  Cy1(x)ln(x) +  [image: image36.png]X5 b



nxn+r2
Equal roots

  y1(x) = [image: image38.png]X5 c



nxn+r1  and y2(x) =  y1(x)ln(x) +  [image: image40.png]X5 b



nxn+r2
