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1. Consider the DE  y'' + 4y' + 3y = 0

a. Find two linearly independent solutions and use them to find the general solution.  

Auxiliary equation: m2 + 4 m + 3, 
(m + 1)(m+3) = 0
m = -1, -3
e-x and e-3x    are the two linearly independent solutions
y = c1 e-x + c2 e-3x is the general solution to the homogeneous equation.  

b. Show that your solutions in a. are linearly independent.
            
             W(e-x, xe-x) =  |  e-x        e-3x     |  =  |  e-x         e-3x    | = (e-x)( e-3x) – (-e-x)(-3e-3x)  = -2e-4x  ≠ 0
                   | (e-x)’  ( e-3x)’ |      |  -e-x    -3e-3x     |  
             so they are linearly independent.


c. Find the solution to the initial value problem y(0) = 3, y'(0) = 5.  
 y = c1 e-x + c2  e-3x   
.            3 =   c1   + c2  			(1)
 y’ = -c1 e-x -3 c2 e-3x   
 5 = -c1   -  3 c2  		(2)
		
Adding (1) and (2) we get   8 = -2c2,  c2 = -4 
Using this in (1), c1= 7
y = 7 e-x -4 e-3x  

2. Find the general solution to each of the following DEs.  

a. y(4) – 5y(3) = 0
Auxiliary equation: m4 - 5m3 = 0
m3(m-5) = 0
y = c1 e5x   + c2  + c3 x + c4 x2 

b. y” -  4y’ + 7y  = 0

Auxiliary equation: m2 - 4 m + 7, 
roots are 2 +- √3
y = c1 e2x cos√3x + c2 e2x sin √3 x

c. (xy + y2)dx – x2 dy = 0  (from Exam 1 makeup)
Homogeneous, y = ux, dy = udx + x du
(ux2 + u2x2)dx – x2 (udx + x du) = 0
Cancel out an x2
(u + u2)dx –  (udx + x du) = 0
(u+ u2 –u)dx – x du = 0
u2 dx – x du = 0
dx/x – du/ u2 = 0
ln|x| + 1/u = c
ln|x| + x/y = c

d. x2y”  - 3xy’  + 4y = 0. Use that y1 =  x2 is a solution to find a second linearly independent solution.

Assume it has the form y2 = u x2
y’ = u’x2+  2ux
y” = u”x2  + 4u’x + 2u
Substituting in x2y” - 3xy’ + 4y = 0 
x2(u”x2  + 4u’x + 2u)  - 3x(u’x2+  2ux)  + 4(u x2) = 0
Factor out x2 and collect terms:
x2u” + xu’ = 0
xu” + u’ = 0
Substituting w = u’
xw’ + w = 0  (linear)
(xw)’ = 0
xw = c
xu’ = c
u’ = c/x
u = clnx
y2 =c lnx x2 
y = c1x2+ c2 lnx x2

3. Give the form of  a particular solution for each of the following. Note, you solved the homogeneous equations in Problems 1 and 2.

a. y(4) – 5y(3) = x2 + 3e-2x

yp =Ax3 + Bx4 + Ce-2x

b. y” -  4y’ + 7y  = 12sin x 
yp =Asin x+ Bcos x 

c. y'' + 4y' + 3y =9x
yp = yp = Ax + B

4. Find the general solution for the DE in either 3a or 3b or c.

a. y(4) – 5y(3) = x2 + 3e-2x
yp =Ax3 + Bx4 + Ce-2x
(Ax3 + Bx4 + Ce-2x)”” – 5(Ax3 + Bx4 + Ce-2x)”’ = x2 + 3e-2x
24Bx +  16 Ce-2x  – 30Ax + 24Bx2  +8Ce-2x  = x2 + 3e-2x

16 C -8C = 3, C = 3/8
24B -30A = 0
24 B = 1
A = 1/30
yp = 1/30 Ax3 +   1/24  x4 + 3/8 e-2x

b. y” -  4y’ + 7y  = 12sin x 
            yp =Asin x+ Bcos x 
 	-A sinx –B cos x - 4A cosx + 4B sinx + 7A sinx + 7B cos x = 12 sinx 
      -A + 4B + 7A = 12   -> 4B + 6A = 12
      -B - 4A + 7B = 0   ->       B = 2/3 A
     Plugging this into 4B + 6A = 12
     8/3 A + 6A = 12
     26A = 36 
    A = 18/13, B = 12/13
    yp =18/13 sin x+ 12/13 cos x
     y = c1 e5x   + c2  + c3 x + c4 x2 18/13 sin x+ 12/13 cos x

c. y'' + 4y' + 3y =9x
yp = Ax + B
(Ax + B)” + 4(Ax + B) ‘ + 3(Ax + B) = 9x
0 + 4A + 3(Ax + B) = 9x
(3A – 9)x + 4A + 3B = 0
3A – 9= 0     -> A = 3
4A + 3B = 0 -> B = -4
yp = 3x - 4

5. Given the DE  y’ = 2xy + 1, y(1) = 5,  use Euler’s method with h = .1 to find y(1.2). 

Formula is  yn+1= yn +f(xn, yn) h

f(x,y) = 2xy + 1
(x0, y0) = (1,5)
x1= 1.1
y1 =y(1.1) = y0 + f(x0, y0) h =  5 + (2*1*5 + 1).1 = 6.1
y2 =y(1.2) =  y1 + f(x1, y1) h =  6.1 + (2*1.1*6.1 + 1).1 = 7.542

	n
	xn
	yn

	0
	1
	5

	1
	1.1
	6.1

	2
	1.2
	7.542




6. Solve the following system of equations. 
       It suffices to take this only far enough to solve for x or y

x’ = x – y
y’ = 2x + y

Dx –x + y = 0
Dy -2x –y = 0

(D-1)x + y = 0
(D-1)y -2x = 0

Solving for x:
Operating on the first equation by (D-1) 
(D-1) 2x + (D-1)y = 0
(D-1)y -2x = 0

Subtract the equations
(D-1)2x + 2x = 0
D2x -2Dx + 3x = 0
Auxiliary equation m2 -2m + 3 has roots  1+ √2i and 1 – √2i
x = c1 et cos √2t + c2 et sin √2t

Solving for y:
Operating on the first equation by 2 and the second by (D-1)
2(D-1)x + 2y = 0
(D-1)2y -2(D-1)x = 0

Add the equations
(D-1)2y + 2y = 0
D2y -2Dy + 3y = 0

Auxiliary equation m2 -2m + 3 has roots  1+ √2i and 1 – √2i
y = c3et cos √2t + c4 et sin √2t

One would then use the original equations to find c3 and c4 in terms of c1 and c2

7. Water containing 3 lb salt per gallon is entering a 200 gallon tank at the rate of 5 gallons a minute. From there it is pumped  to a second 300 gallon tank at the rate of  7 gallons a minute. Water from the second tank is pumped back to the first at the rate of 2 gallons a minute and out a drain at the rate of 5 gallons a minute. Let x(t) be the amount of salt in the first tank and y(t) be the amount in the second. The first tank initially has 50 pounds of salt and the second has 10.

a. Write a system of differential equations to model this.
x’ = 15 – 7/200 x + 2/300y
y’ = 7/200x -2/300y -5/300y = 7/200x –7/300y
x(0) = 50, y(0) = 10

b. Predict the limiting values for x(t) and y(t).
x(t) = 600, y(t) = 900

8. My cup of tea is 200o at the beginning of class and 180 o 10 minutes later. The room is 70 o.

a. Write the differential equation whose solution gives the temperature at time t.
Let T(t) = temperature of the tea at time t
T’ = k(T – 70)
T(0) = 200, T(10) = 180

Had you solved it (not required) you would have gotten T(t) = 70 + 130e -.0167t

b. Why is this a boundary value problem, not an initial value problem?
An initial value problem gives values for the function and its derivative at a point, x0.  
A boundary value problem gives the value of the function at two points, in this case, 0 and 10,

