Math 213 Exam 3. May 1, 2009
If you cannot complete the exam during class, you may continue to work on it or turn it in and come back to complete it before 4:30 this afternoon, spending no more than a total of 2 hours on it.

1. a.   If an object weighing 16 pounds stretches a spring 2 feet, a mass weighing 12 pounds will stretch it 
            ___   feet.
12/16 = x/2         x = 1.5

b. The  spring constant is ___ 
k = pounds/feet  = 16/2 = 8

c. Assume that the motion of the spring is undamped and the spring is released from a point 3 feet below equilibrium. Find the equation describing its motion.

x(0)= 3,  x’(0) = 0
mx” + k x = 0
16/32 x” + 8x = 0
x” + 16x = 0
x = c1cos (4t) + c2 sin(4t)
 3 = c1cos (0) + c2 sin(0) = c1
x’ = -4c1sin (4t) + 4c2 cos(4t)= -12sin (4t) + 4c2 cos(4t)
0 =-12sin (0) + 4c2 cos(0) = 4c2
c2= 0
x = 3 cos(4t)

d. Assume that the same spring has a damping force proportional to 5 times the velocity. Find the differential  equation (not solution) describing its motion. 
1/2 x” + 5 x’ + 8x = 0
e. Find a particular solution to the equation above if a constant force of magnitude 4 is applied.
xp = A
Plugging this in the DE  1/2 x” + 5 x’ + 8x = 4
we get xp =1/2

f.  Hooke’s law in words states:  a spring exerts a force proportional to the amount it is stretched 

2. Find the first 4 terms of any series soution to y” + xy’ + 2y = 0 at x0=0
Substituting in y = nxn :
         nxn-2  + xnxn-1  + 2 nxn  =0
  k+2xk  +   kxk  + 2 kxk  =0
k+2xk  + kxk  =0   
k+2 + (k+2)c k xk  =0   
 ck+2     = - ck /(k+1) 
y = c0 (1 – x2    +  1/3  x4 - 1/15  x6
If instead we found the series  starting with x:
y = c1 (x – ½ x3    +  1/8  x5 - 1/48  x7
3. a.  Classify the singular points of  (x2+ 4)(x-5)3(x +4)2 y” + x(x +4)y’ + 2xy = 0
regular singular points: -4, 2i, -2i
irregular singular point:   5
b.  The radius of convergence for a series solution at x0=  0  is 2  (distance from (0,0) to (0, 2))
c.  The radius of convergence for a series solution at x0=  10 is 5

4. Suppose that after substituting  y = nxn+r  into a second order  DE   with a regular singlur point at x=  0 you get
                     ( r-3)(r-1) c0 +k+1  + ck) xk
a. What is the  indicial equation?  (r-3)(r-1) = 0
b. What is the recurrence relation?
c n+ 1 = cn/( n+ 1 + r)(n+r)
c. Find the first 3 terms of any series solution
Let r = 1, the recurrence relation becomes
c n+ 1 =- cn/( n+ 2)(n+1)
c 1 =- c 0 /2
c 2 =- c 1 /3*2 = c 0 /3*2*2

y(x) = x(c 0  - c 0 /2  x + c 0 /12 x2
               = c 0   (x – x2 /2 + x3/12 ...)

5. Given the system of equations
x1’ = 2x1  + x2
x2’ =3 x1 +  4x2
a. Find the corresponding matrix representation
A =   

 X =   

X’ = AX

b. Find the corresponding eigenvalues 

det              = ( -3  = λ2  -6 λ + 8 -3= λ2  -6 λ + 5 =( λ-5)( λ-1)

eigenvalues are 1 and 5

c. Find one of the corresponding solution s. Solve 
                     =    
with λ = 1:
                     =    

                     =    
 	k1 = 1, k2 = -1, Solution is        et
with λ = 5:
                     =    
k1 = 1, k2 = 3, Solution is        e5t

d. Verify  your solution by substituting it into the differential equation.

