
MATHEMATICS 305PRIVATE 
  EXAM 1


OCTOBER 17, 2008
You may take one week on this exam and consult notes, books and me. Hand in by Friday, October 21.
1. a. Formulate a linear programming model for the problem posed in the following poem.  

x1   = coconuts  x2 = lion skins 

Maximize 60x1  + 300x2  

Subject to



   5x1   + 15 x2  < 300



1/8 x1  +      x2 <  15



      x1  > 0,  x2 > 0

       b. Identify all corner points and their corresponding solutions.  Solve by determining which are feasible and 
            which is optimal.

The algebraic method does not use a graph to determine CFS, rather it takes all pairs of defining equations, determines whether their solutions are feasible, and picks the feasible solutions for which Z is a max.

Defining equations

CPS
feasible?
Z

   x1 =0,  x2= 0


(0,0)
   y

0

   x1 =0,  5x1 + 15 x2  =300 
(0,20)
   n



   x1 =0, 1/8 x1 +x2 =15

(0,15)
   y

4500


   x2= 0,  5x1 + 15 x2  =300
(60,0)
  y

3600

   x2= 0, 1/8 x1 +x2 =15

(120,0)   n

  5x1 +15 x2  =300, 1/8 x1 +x2 =15  (24,12)  y

5040  ( max

       c.  Construct the augmented system and find, from the answers to b, the corresponding basic solutions.

Ans:

   5x1   + 15 x2  + s1         = 300

1/8 x1  +      x2         + s2 = 15

     x1 ≥0,  x2 ≥ 0,  s1 ≥ 0, s2 ≥ 0
	Corner point
	BV
	NBV*
	Basic Solution

	(0,0)
	s1, s2
	x1, x2  
	(0,0, 300, 15)

	(0,20)
	x2, s2
	x1, s1  
	(0,20, 0, -5)

	(0, 15)
	x2  s1
	x1, s2  
	(0, 15, 75, 0)

	(60,0)
	x1 , s2
	x2, s1  
	(60,0, 0, 7.5)

	(120, 0)
	x1, s1  
	x2 ,  s2  
	(120, 0, -300, 0)

	(24, 12)
	x1, x2  
	s1, s2
	(24, 12, 0, 0)


         * si  is non basic if its constraint equation is binding.

       d. How do the assumptions of linear programming apply to this problem?

Proportionality 

objective function: yes,  we assume each coconut returns exactly 60, each skin returns exactly 300.

constraints: not necessarily for the size and weight constraints since the coconuts and skins may vary in size
Additivity:  
objective function: yes, the profits from skins and coconuts are added to get total profit.

constraints: yes, the size/weight of skins are added to the size/weight of the coconuts to get total size/weight
Divisibility:  no, you probably wouldn’t have a fractional coconut or skin.
Certainty:  no, the weights and sizes may vary by skin/coconut; the profit may be an estimate.

2. An LP whose goal is to maximize the objective function  Z = c1x1 + c2x2 + c3x3  
     leads to the following simplex tableau for the bfs  (10,0,0,0,10).  
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a.  Give two optimal solutions. 
     Ans:  (10, 0,0, 0,10) (5,0,1,0,0)  

            --second is obtained by replacing BV x5 with  x3
b.  Describe all the optimal solutions.  
    Ans:  take all weighted averages of the two solutions.
    α(10, 0,0, 0,10) + (1- α )(5,0,1,0,0)   = (5 α +5, 0, 1- α, 0, α 10) 0≤ α ≤ 1
    One should also argue that there are no other linearly independent optimal solutions that would make

     this a plane.
c.  Determine the possible coefficients c1, c2, c3.  

    Ans:
    Using the first solution,   10c1 = 115        => c1 = 11.5 
    Using the second solution 5c1 + c3 = 115 => c3 = 57.5

    c2 is arbitrary because x2 is nonbasic and won't affect the final Z. 
     Coefficients are (11.5, c2,  57.5)
3. a.  Convert to standard form and construct the first simplex table (identifying the first BFS) for the 

           following problem.

           minimize   Z =  2x1    -  3x2  +     x3  

           subject to



            x1              +    4x3  >   3

    

         2 x1   -   x2   +      x3   <   7

     

            x1  >  0,  x2 > -5,  x3 > 0
          Ans:
          maximize   Z = - 2x1    +   3x2    -   x3  +  0e1  - M a2 + 0s6
          subject to



          x1    +     
       4x3  -    e1   +    a5              =   3

    

       2 x1    -     x2   +    x3                          + s2    =   2

     

           x1  >  0,  x2 > -5,  x3 >  0 ...

Let x2’ = x2 + 5 and the problem becomes

        maximize   Z = - 2x1    +   3x2    -  x3   + 0e1  - M a2 + 0s2  + 15

       subject to



           x1         
  +   4x3  -    e1  +   a2               =     3

    

        2 x1   -   x2 ’  +      x3                         + s2    =     2
     

      x1  >  0,  x2  ’ > 0,  x3  >  0 ...

   First table:
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Solution: (0, 0, 0, 0, 5, 6). Not feasible since it contains artificial variable a5
       b.  Show the results of the first iteration of the simplex method on this table.  
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       c.   Explain what happens when you attempt the next iteration.
Ans: x2 is entering, but there is no leaving variable. This means we can bring in as much x2 as we wish, giving an unbounded solution.

Alternate: some of you added a constraint x2 > -5 and  slack variable to form -x2  + s2    ≤ 5. Thi was fine too.
4. The following is a resource requirement table for a three product firm:

      

     Product 1         Product 2          Product 3     

      Resource 1

 5

5

10



      Resource 2

10

8

 5



      Resource 3

10

5

 0



    1000, 2000, and 500 units of resources 1, 2, and 3 are available.  Revenues are 100, 200, and 50 

    dollars for products 1, 2, and 3 respectively.

    a.  Determine the optimal production levels for each product and the maximum revenue subject to these

         product limitations.
         Ans:
max Z = 100 x1  + 200 x2 + 50 x3
subject to


  5 x1  +    5 x2 + 10 x3  
< 1000


10 x1  +    8 x2 +  5 x3          < 2000


10 x1  +    5 x2 +  0 x3
 <   500


x1  >  0,  x2 > 0,  x3  >  0

Simplex method yields


    
   bv
z           x1    x2  x3    s1    s2   s3        rhs





| 1  |   275   0     0    5     0   35     |  22500



    x3
| 0  |  -.5      0    1   .1     0    -.1    |  50



    s2
| 0  |  -3.5    0    0  -.5     1  -1.1    |  950



    x2
| 0  |   2       1    0     0     0     .2    |  100

             Solution is (0, 100, 50, 0, 950)

Produce 0 product 1, 100 product 2, 50 product 3. 
Useful formulae for the rest:

BV=[x3, s2, x2 ]    cBV =[50, 0, 200]    B=
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    cBV B-1 = [5, 0, 35]
b. You have the opportunity to purchase as many more units of resource 3 as you wish for $20 per unit. 

     Should you increase your production levels?  If so, to what?
    Ans:
b =  
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new  rhs = B-1
b  = 
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 50-.1(   > 0 if   ( < 500

950 - 1.1(   > 0 if  ( <  863
100+.2 (   > 0 
Requirement: ( < 500, we can increase to b3 to1000 
What is the new profit?  z  = cbv B-1 b
New z = [5, 0, 35] 
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 = 22,500 + 35( = 22,500 + 17,500 = 40,000 
c.  You suspect the figure for revenue per unit of product 1 is in error.  Determine the 
      range of  its values within which the original optimal solution will not change.
     Ans: note: it is more difficult to solve this graphically since the constraints are 3d.

     Algebraically (easier):     

     You want 
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d.  You suspect the figure for revenue per unit of product 2 is in error.  Determine  range of  its values within 
     which the original optimal solution will not change.

You want 
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cBV  B-1 =[50, 0, 200 + (]    
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  = [ 5   0  35+.2(]
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 = cBV  B-1 a1  - c1 = [5  0  35+.2(] 
[image: image17.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

10

10

5

- 100   =275+ 2(
s3 = 3rd elem of cBV  B-1 =35 +.2(
275+2( ≥ 0   → -137.5 ≤ (   * most restrictive
35 +.2 ( ≥ 0  → -175 ≤ ( 
-55 ≤ ( ≤ ∞
200 +( ≥ 200 -137.5 ≥ 62.5 
c2 must be at least 62.5

e.  How would the solution to a. be affected if the column for product 1 resource inputs were replaced by
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new column 1 = B-1 a1 = 
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New 
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  -  100 = 350 > 0.    No change in the solution.

f.  What would occur if management stipulated that at least 75 units of product 1 be produced?

     Ans: Question  their wisdom. There are not enough resources to produce 75 units of product 1.  You will find no   

     feasible solution.


5. a.  HenryCo manufactures stagecoach wheels. During each of the next 4 months they can sell up to 200, 500, 400, and 300 wheels. A wheel sells for $70. It requires 3 hours of labor and uses $4 of raw material. A worker is paid $1000 per month and can work up to 150 hours. At the beginning of month 1 HenryCo has 5 workers. Workers can be hired at the beginning of a month for $800 and fired for $600. A holding cost of $2 is assessed for each wheel held over at the end of a month. All demand that is not met during a month is lost. Construct the LP.
Ans:

si = # wheels sold in month i

pi = # wheels produced in month i

wi = workers in month i

hi = workers hired in month i

fi=workers fired in month i

ii= inventory  held over at end of month i

MAX 66s1 + 66s2 + 66s3 +66s4 

  - 1000w1 - 1000w2 - 1000w3 - 1000w4 

  - 800h1  -  800h2 -  800h3 -  800h4 

  - 600f1  -  600f2 -  600f3 -  600f4

   -2i1   - 2i2 - 2i3 - 2i4

SUBJECT TO

   w1 - h1 + f1     = 5

  -w1 + w2 - h2 + f2=0

  -w2 + w3 - h3 + f3=0

  -w3 + w4 - h4 + f4=0

   s1 <= 200

   s2 <= 500

   s3 <= 400

   s4 <= 300

   s1 + i1 - p1     =0

   s2 - i1 + i2 - p2=0

   s3 - i2 + i3 - p3=0

   s4 - i3 + i4 - p4=0

   -150w1 + 3p1 <= 0

   -150w2 + 3p2 <= 0

   -150w3 + 3p3 <= 0

   -150w4 + 3p4 <=0

END

This can also be done by looking at the profit each worker generates and not including the number of wheels. That, however, does not give you the production levels directly.
This can also be done, replacing si and pi by wij = # wheels produced in month i and sold in month j.

       b.  Solve this using LINDO and interpret the various pieces of the output.

One notices that some variables are fractional. Other observations about shadow prices
LP OPTIMUM FOUND AT STEP     17

        OBJECTIVE FUNCTION VALUE

        1)      61333.33

  VARIABLE        VALUE          REDUCED COST

        S1       200.000000          0.000000

        S2       500.000000          0.000000

        S3       400.000000          0.000000

        S4       300.000000          0.000000

        W1         7.333333          0.000000

        W2         7.333333          0.000000

        W3         7.333333          0.000000

        W4         6.000000          0.000000

        H1         2.333333          0.000000

        H2         0.000000        366.666656

        H3         0.000000        833.333313

        H4         0.000000       1400.000000

        F1         0.000000       1400.000000

        F2         0.000000       1033.333374

        F3         0.000000        566.666687

        F4         1.333333          0.000000

        I1       166.666672          0.000000

        I2        33.333332          0.000000

        I3         0.000000         25.333334

        I4         0.000000         10.000000

        P1       366.666656          0.000000

        P2       366.666656          0.000000

        P3       366.666656          0.000000

        P4       300.000000          0.000000

       ROW   SLACK OR SURPLUS     DUAL PRICES

        2)         0.000000        800.000000

        3)         0.000000        433.333344

        4)         0.000000        -33.333332

        5)         0.000000       -600.000000

        6)         0.000000         38.666668

        7)         0.000000         36.666668

        8)         0.000000         34.666668

        9)         0.000000         58.000000

       10)         0.000000         27.333334

       11)         0.000000         29.333334

       12)         0.000000         31.333334

       13)         0.000000          8.000000

       14)         0.000000          9.111111

       15)         0.000000          9.777778

       16)         0.000000         10.444445

       17)         0.000000          2.666667

 NO. ITERATIONS=      17

 RANGES IN WHICH THE BASIS IS UNCHANGED:

                           OBJ COEFFICIENT RANGES

 VARIABLE         CURRENT        ALLOWABLE        ALLOWABLE

                   COEF          INCREASE         DECREASE

       S1       66.000000         INFINITY        38.666668

       S2       66.000000         INFINITY        36.666668

       S3       66.000000         INFINITY        34.666668

       S4       66.000000         INFINITY        58.000000

       W1    -1000.000000      1550.000000       549.999939

       W2    -1000.000000      1099.999878      2499.999756

       W3    -1000.000000      1099.999878       850.000000

       W4    -1000.000000       400.000000      1266.666748

       H1     -800.000000      1400.000000       549.999939

       H2     -800.000000       366.666656         INFINITY

       H3     -800.000000       833.333313         INFINITY

       H4     -800.000000      1400.000000         INFINITY

       F1     -600.000000      1400.000000         INFINITY

       F2     -600.000000      1033.333374         INFINITY

       F3     -600.000000       566.666687         INFINITY

       F4     -600.000000       950.000000       400.000000

       I1       -2.000000        31.000002        11.000000

       I2       -2.000000        17.000002        22.000000

       I3       -2.000000        25.333334         INFINITY

       I4       -2.000000        10.000000         INFINITY

       P1        0.000000        31.000002        11.000000

       P2        0.000000        22.000000        44.000000

       P3        0.000000        22.000000        17.000002

       P4        0.000000        10.000000        25.333334

                           RIGHTHAND SIDE RANGES

      ROW         CURRENT        ALLOWABLE        ALLOWABLE

                    RHS          INCREASE         DECREASE

        2        5.000000         2.333333         INFINITY

        3        0.000000         2.000000         4.000000

        4        0.000000         1.000000         2.000000

        5        0.000000         INFINITY         1.333333

        6      200.000000        99.999992       200.000000

        7      500.000000        99.999992       200.000000

        8      400.000000         INFINITY        49.999996

        9      300.000000        66.666672       300.000000

       10        0.000000       200.000000        99.999992

       11        0.000000       200.000000        99.999992

       12        0.000000        49.999996         INFINITY

       13        0.000000       300.000000        66.666672

       14        0.000000       600.000000       300.000000

       15        0.000000       600.000000       300.000000

       16        0.000000       150.000000      1650.000000

       17        0.000000       900.000000       200.000000

6. a. The Auburn Hospital has 10 workers to cover emergency room admitting.  Assuming the following information, devise a linear program to determine how to staff the emergency room for the next 7 days admitting most economically.


wi   = the wage of worker i.


mij   = the minimum number of hours worker i can work on day j.


Mi j = the maximum number of hours worker i can work on day j.


nj   = the number of hours to cover on day j

              i = 1 to 10

              j = 1 to 7
Ans:
Let  xij  = # hours worker i works on day j. 

                10  7
Minimize ( ( wi xij  

                            i=1, j=1
subject to


  xij       >  mij       
 i  = 1,...10, j  = 1,...7

  xij       < Mij        
i  = 1,...10,  j  = 1,...7

(  xij    >  nj         i  = 1,...10   

 i
b.  How could days off be built into this model?  Are there any assumptions about the data necessary to assure there is a feasible solution?

Ans: 

Days off: can be built in by setting Mi j = 0
Assumptions:  

· There are enough worker hours each day to cover the room: (  Mi    >  (  nj         

· There are enough hours to employ each worker his/her minimum hours (  mi    ≤  (  nj         

· Mi  >  mi

7. Devise a nontrivial application of linear programming.  Explain the variables and equations. Solve and interpret

      your solution.  
Ans: I am looking for somehting that might be of interest to you or something you see in the world rather than a text book problem. The problem should not be reducible to something you can solve without an LP.
8. Explain why
a.  The simplex method applied to the TV problem does not find the optimum in the fewest iterations. 

Ans: The first step introduces the variable that increases Z at the maximum rate, but not necessarily by the fewest steps.  Adding HDTVs  gives more immediate profit than adding regular tvs, but that choice means more steps in the solution.  There is no way to tell which yields the fewest iterations.

b.  The coefficient in row 0 corresponding to slack variable i is the multiple of original row i added (indirectly) 
      to row 0.
Ans: The original row 0 can be changed in the position corresponding to slack variable i only by adding a multiple of row i to row 0 because the only nonzero entry in that column is 1 in row i.
      c.  Adjacent BFS have all but one basic variable in common. 

Ans: The simplex method works by replacing one of the n defining equations by another one and, as a consequence, replacing one indicating (non-basic) variable.   

      d.  A BFS  has as many basic variables as there are constraints and as many non-basic variables as there 

           are original variables.
Ans: A CPFS is at the intersection of n equations. Each equation is xj = 0 or a constraint. If it is a constraint, the corresponding slack/surplus variable is 0. Thus, there is a variable for each of these equations (m of them) that is is 0.

Another (good but fallacious) argument: the initial BFS has as many basic variables as there are constraints and as many non-basic variables as there are original variables and each iteration preserves that number. Fallacy: this may not describe all BFS
      e.  We use the big M method. 

Ans: to get an initial basic infeasible solution to the LP and a place to start.
      f.   AN LP has only a finite number of BFS 

Ans: Each solution is the intersection of n defining equations. The number of subsets of n+m taken n at a time is finite.
SCORING:  5 points for each part of 1-6; 5-10 points for problem 7;  2 points for each part of problem  9.  Aim for problems totaling 100 points.
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